F 2455 4 Sk 5 3B B R Vol. 24 No. 4
201947 H Climatic and Environmental Research Jul. 2019

FME K, 2247, R, 2019. B Runge-Kutta-Li 59555 428 P T 7 FE RO THEAG LR [7]. 0% 5 IR EERF 7T, 24(4): 417-429.  Wang Pengfei,
Li Jianping, Huang Gang. 2019. High order Runge-Kutta-Li scheme to solve two-dimensional linear advection equations [J]. Climatic and
Environmental Research (in Chinese), 24(4): 417-429. doi:10.3878/.issn.1006-9585.2019.18169

= Bt Runge-Kutta-Li &% — 42 M4 F ik F R
TERLE
IR AT OER

1 e ERR2 e RS BRI ST TR OB AR AL ) S BB A0 ] X B s, bt 100029
2 PEREEGO BT T R A G 70, 5T 100190

3 RS B O S I R, 1R B 266003

4 7 By e SRR E S S0 2 ORI 8l 0 SR B RE LI %, LR 9 266237

W OE AL ARS8 ELL 2005), S2BL TR R4 A 3~6 B Runge-Kutta-Li(RKL)# 20 3K il 50925
TR R IR IG S R MR AR R, BB R S5 2 B R 0 HERS B AR R LR
W RS TR A G R MAIMED, = RKL BT LIS T E R . 530 40 5. 6F
RK BVEN & Li 25 18 2290 7 S8 RO BT LLIA 215, 7. 9. 108, RK BEHIBEONS (6) By, MiRZEisH
TE107 (10%) LAP. B RK M3 00 Li S0 075 RN B s ntass, AR ZIEE/N . 8 w50 =3 56
RO R YMED , SRKIMECH 3, SR AU 105 ARSI RN 4. 5. 6 X R AR 23 ) e
Broli6, 22, 22, BFERZEW DSHIE 10 ~107 FEERENRS, RENLHER/MRIE, BHELRZ
FHER . ST RMERYME CEEEBENTS S, 4. 5. 6 RRAEM M EEMBURZEARZ . m ikt
WRAE SHAELSNER, SRAWEIVIESL, SRARMAFLE D, sz BEl iR L. b
B ) 22 ARG FE 3R, AR IE S (AR S E A EUE D, R L, Ui T BAE— e R L RE R, B
HAGE A BRI EEN S X 51775 SECE S A BAR L, RZE A R BT SR A S,
ENFINEN TGS SEOE S B A SRR T . SRS, SRS MR R B, Blinhiei s
FEG), HEOES AT T i R, IS I R RE S B TC T AR s BN VS L Y
XA Runge-Kutta-Lit$ X mEE 4 PRk

XEHE  1006-9585(2019)04-0417-13 FESES  P435 XERFRIATE A
doi:10.3878/j.issn.1006-9585.2019.18169

High Order Runge-Kutta-Li Scheme to Solve Two-dimensional Linear
Advection Equations

WANG Pengfei"’, LI Jianping®*, and HUANG Gang'

1 State Key Laboratory of Numerical Modeling for Atmospheric Sciences and Geophysical Fluid Dynamics, Institute of Atmospheric
Physics, Chinese Academy of Sciences, Beijing 100029

WimEH 2018-12-26; METRHAREE 2019-04-21
EEREN EMK, 5, 19735 A, W, SRR, TEAFBUERR. IR R BRI AR . E-mail: wpf@mail.
iap.ac.cn
HETE EXE AR 2018YFA0605904, [F5K FAAFL R G BT M) I H 41530426, 41831175, 41425019, AR E PR & 1E 0T H GASI-
IPOVAI-03
Funded by National Key Research and Development Program of China (Grant 2018YFA0605904), National Natural Science Foundation of China
(Grants 41530426, 41831175, and 41425019), SOA International Cooperation Program on Global Change and Air-Sea Interactions
(Grant GASI-IPOVAI-03)



418

k5 3 5B A
Climatic and Environmental Research

2 Center for Monsoon System Research, Institute of Atmospheric Physics, Chinese Academy of Sciences, Beijing 100190

3 Key Laboratory of Physical Oceanography Institute for Advanced Ocean Studies, Ocean University of China, Qingdao, Shandong
Province 266003

4 Laboratory for Regional Oceanography and Numerical Modeling, Qingdao National Laboratory for Marine Science and Technology,
Qingdao, Shandong Province 266237

Abstract In this study, aiming to take full advantages of Li’ s high-order spatial differential method (Li, 2005), we
implement the hybrid Runge-Kutta-Li (RKL) scheme to solve a two-dimensional (2D) linear advection equation. The
results indicate that the computation error increased linearly with time. The experiments with a no-rotate background
field of the Gaussian initial values by RKL scheme could obtain a precise result. The effective spatial orders were 5, 7, 9,
and 10, corresponding to temporal orders of 3, 4, 5, and 6, respectively. The fifth- (sixth-) order Runge-Kutta (RK)
integration scheme with the ninth- (tenth-) order Li’ s difference scheme in spatial direction controlled the error within
107(107®). The effective order of Li”s scheme (Li, 2005) tended to increase with the increase in the RK order, and the
total error gradually decreased.

Another rotated background field integrated from an eccentric Gaussian-type initial featured similar results. The

effective spatial order was 10 when a third-order RK scheme was applied, and they increased to 16, 22, and 22 when the
order of RK scheme changed to 4, 5, and 6, respectively. The computation error could be controlled within 107°-107"6,
and the peak of Gaussian initial values were well maintained. The error decreased sharply while the order of RKL scheme
increased, which indicates that the RKL is very effective to deal with such problem.
The experiments of RKL scheme to solve a cone initial case (with rotated background filed) indicate that the fourth, fifth,
and sixth RK integration obtained almost the same precision result as the third-order RK scheme. The high-order scheme
was not as effective as it was for the Gaussian initial condition when it addressed a problem that had discontinuous
derivates. The computed solution was not positive in the whole grids, and in some places, the error was downward, while
it was upward in some other places. The increase of spatial order could make the error smaller, but the error descent was
not very sharp. This result suggests that the high-order spatial difference scheme has some benefits, but we should not
expect that an ultra-high-order scheme will lead to an ultra-high precise result. This phenomenon reveals that the high-
order scheme is limited by the continuous property of the initial condition, and as a result, the error order is directly
proportional to the order of derivates of the initial condition.

The proper boundary conditions are important for the above computation cases when the RKL scheme is applied. For
instance, in the computation of the rotated background cases, the value outside the grid box tends to 0 at oo, which is a
feasible boundary condition. An improper boundary condition may cause the computation to be unstable, or the error
cannot be controlled to an acceptable range.
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Fig. 1 (a) The stationary non-rotated back-ground flow and (b) the stationary rotated back-ground flow error versus spatial difference order; the

abscissa is the cycle order, the ordinate is the error; (¢) and (d) are same as (a) and (b); the ordinate is the ratio of error versus cycles. The blue, red,

green, and black curves denote the third, fourth, fifth, and sixth time-integration orders, respectively
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Fig. 2 Experiments of the RKL method for 2D advection equation with non-rotated back-ground flow: (a) 2D Gaussian-type initial condition; (b)

error versus spatial difference order, where the abscissa is the spatial difference order, and the ordinate is the logarithm of error, and the blue, red,

green, and black curves denote the third, fourth, fifth, and sixth time-integration orders, respectively
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versus spatial difference order, where the abscissa is the spatial difference order, the ordinate is the logarithm of error, and the blue, red, green, and

black curves denote the third, fourth, fifth, and sixth time-integration orders, respectively
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Table 1 The results of Expt. 3 for /=3 and 2-20 spatial orders after one cycle
B % Wl ., B, TR Y 0°/ Y 00" PRAATE Y 0/ Y00
2 0.879100020605568 -0.124604604217228 0.999999971228214 1.000000039247005
4 0.992180132405709 -0.000169353166441 0.999999967498433 1.000000000147913
6 0.999725415095873 -0.000000761431457 0.999999967287643 1.000000000001797
8 0.999984804894686 -0.000000019569404 0.999999967272319 1.000000000000010
10 0.999998711406518 —0.000000000811802 0.999999967270930 1.000000000000006
12 0.999999801165733 -0.000000000039977 0.999999967270783 0.999999999999998
14 0.999999916787723 -0.000000000002135 0.999999967270761 0.999999999999998
16 0.999999932451482 -0.000000000000157 0.999999967270762 0.999999999999999
18 0.999999935045787 -0.000000000000030 0.999999967270761 1.000000000000000
20 0.999999935554148 -0.000000000000004 0.999999967270759 0.999999999999992
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Fig. 4 Experiments of the RKL method for 2D advection equation with rotated back-ground flow and Gauss initial condition: (a) The analytical

solution at one cycle; (b) the error for M=3, n=20 at one cycle; (c) the numerical solution for M=3, n=2 at one cycle; (d) same as (b) but for M=

3, n=2; (e) same as (c) but for M=3, n=4; (f) same as (b) but for M=3, n=4

;(0.15 - Jx-05) +(y- 0.65)2), 0.15 ~ /(x - 05)" + (3~ 0.65)" >0
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a
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Table 2 The results of Expt. 4 for /=3 and 2-20 spatial orders after one cycle
Wi ¥ Ve g, 5MH 9, TR Y07/ D00 TR Y0/ D00
2 0.042318753697406 -0.002800692371273 0.999999994209685 1.000062933094572
4 0.046231988037969 -0.001137179417055 0.999999991550428 0.999966164053762
6 0.047280910735204 -0.000680662711126 0.999999990009599 0.999921329745270
8 0.047795666155995 -0.000576925951550 0.999999988923466 1.000124481331269
10 0.048480548160954 -0.000527735633149 0.999999988089010 0.999711808219621
12 0.048219850602400 -0.000424685811891 0.999999987415918 1.000054475441748
14 0.048356003628113 -0.000497981071535 0.999999986855287 1.000148478289969
16 0.048388162916222 -0.000420520571531 0.999999986377255 1.000102379809374
18 0.048897879942690 -0.000409597789869 0.999999985962188 1.000130274756059
20 0.048838700505789 -0.000401733081757 0.999999985596455 1.000124068446893
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(b) Error of u
—1.0 ! 1 L
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Fig. 5 Experiments of the RKL method for 2D advection equation with rotated back-ground flow and cone initial condition: (a) 2D cone-type initial
condition; (b) error versus spatial difference order, where the abscissa is the spatial difference order; the ordinate is the logarithm of error; and the
blue, red, green, and black curves denote the third, fourth, fifth, and sixth time-integration orders, respectively; (c) the numerical solutions of M=3,n

=2 at one cycle; (d) same as (c) but for n=4; (e) same as (c) but for n="6; (f) same as (c) but for n=238
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